COMPACTNESS AND EXISTENCE RESULTS FOR DEGENERATE 
CRITICAL ELLIPTIC EQUATIONS 



VERONICA FELLI AND MATTHIAS SCHNEIDER 

Abstract. This paper is devoted to the study of degenerate critical elliptic equa- 
tions of Caffarelli-Kohn-Nirenberg type. By means of blow-up analysis techniques, 
we prove an a-priori estimate in a weighted space of continuous functions. From 
this compactness result, the existence of a solution to our problem is proved by 
exploiting the homotopy invariance of the Leray-Schauder degree. 



1. Introduction 

We will consider the following equation in R N in dimension N > 3, which is a pro- 
totype of more general nonlinear degenerate elliptic equations describing anisotropic 
physical phenomena, 



-div(>|- ia Vi;) - 



A 



v = K(x)- 



| x |2(1+q:) " " ^' | x |/3p : 

where K e C 2 (R N ) n L°°(R N ) is positive and 
N-2 

a < — - — , a < p < a + 1, 



v>o, «eP:V)\M, (Li) 



A < 



N - 2 - 2a 



, p = p(a,f3) 



2N 



N-2{l + a-py 



(1.2) 
(1.3) 



We look for weak solutions in V^ 2 (M. N ) defined as the completion of C^°(1R 7V ) with 



respect to the norm 



U L.1,2 



nl/2 



-2a 



Vul dx 



The range of a, (3 and the definition of p are related to Caffarelli-Kohn-Nirenberg 
inequalities, denoted by CKN-inequalities in the sequel, (see ||| ^ and the references 
therein), as for any a, (3 satisfying ()1.2|) there exists exactly one exponent p = p(a, (3) 



Date: June 25, 2003. 

1991 Mathematics Subject Classification. 35J70, 35B33, 35B45. 

Key words and phrases, critical exponents, blow-up analysis, Caffarelli-Kohn-Nirenberg inequal- 
ity, Leray-Schauder degree. 

V. F. is supported by M.U.R.S.T. under the national project "Variational Methods and Nonlinear 
Differential Equations". During the preparation of the paper M. S. research was supported by a 
S.I.S.S.A. postdoctoral fellowship. 

1 



2 



VERONICA FELLI AND MATTHIAS SCHNEIDER 



such that 

2/p 



([ \x\-P p \u\ p dx) * <C a ,f3 [ \x\~ 2a \Vu\ 2 dx WeC™(R N ). (1.4) 
\Jr n J ' Jr n 

Since we are looking for nontrivial nonnegative solutions we must necessarily have 
that the quadratic form 

Q{<p,<p)-= [ \xl 2a \v v \ 2 -\\x\-^ l+a W 2 

jtvl n 

is positive, that is A has to be smaller than (N — 2 — 2a) 2 /A the best constant in the 
related Hardy- type CKN-inequality for f3 — a + 1 and p = 2. Let us define 



N-2 //iV-2-2a N2 




a(a, A) := — \\ ( ) — A and b(a, (3, A) := (3 + a(a, A) — a. (1.5) 

The change of variable u(x) = \x\ a ~ a v (x) shows that equation (jl.lj) is equivalent to 



-dw(\xr 2a Vu) = K(x)^, u>0, u e Vl> 2 (R N ) \ {0}, (1.6) 

where a = a(a, A) and 6 = 6(a,/3, A), see Lemma I A. II of the Appendix. Clearly, if 
we replace a by a and (3 by b then (jl.2j) - (jl.3|) still hold and p(a,/3) = p(a,b). We 
will write in the sequel for short that a, b and p satisfy (jl.2j) - (jl.3|) . We will mainly 
deal with equation (jl.6j) and look for weak solutions in T>l ,2 (W N ). The advantage of 
working with (jl.6j) instead of (jl-lj) is that we know from [l0( that weak solutions of 
()1.6j) are Holder-continuous in M. N whereas solutions to (jl.l)) . as our analysis shows, 
behave (possibly singular) like |x| Q ~ a at the origin. The main difficulty in facing 
problem (jl.fi j) is the lack of compactness as p is the critical exponent in the related 
CKN-inequality. More precisely, if K is a positive constant equation (jl.fi j) is invariant 
under the action of the non-compact group of dilations, in the sense that if u is a 
solution of (jl.6j) then for any positive /i the dilated function 

_ N-2-2a 

jj, 2 u(x/n) 

is also a solution with the same norm in D^' 2 {R N ). The dilation invariance, as we see 
in (jl.lfijl below, gives rise to a non-compact, one dimensional manifold of solutions 
for K = K(0). 

Our first theorem provides sufficient conditions on K ensuring compactness of the 
set of solutions by means of an a-priori bound in a weighted space E defined by 

E := Vl ,2 (R N ) n C°(R N , (1 + M^ 2 - 2 ")), 

where 

C°(R N , (1 + Ix^" 2 ^)) := {u G C°(R N ) : u(x)(l + |x|^ 2 ~ 2a ) G L°°(R N )} 
is equipped with the norm 

||M|| C fO(HW i (i + | !I .|W-a-a.)) := sup \u{x) \ (1 + \x\ N ~ 2 ~ 2a ). 



We endow E with the norm 

\\ u \\e = \m\vl' 2 CR N ) + IMIcOCK^l+lxK 
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The uniform bound in E of the set of solutions to ()1.6|) will provide the necessary 
compactness needed in the sequel. We formulate the compactness result in terms of 
a, (3 and v the parameters of equation (jl.lj) . where we started from. Let us set 

K(x) := K(x/\x\ 2 ). (1.7) 

Theorem 1.1. (Compactness) Let a, j3, A satisfy /ll.ty) - Fn!]\) and 

A > -a(N - 2 - a), (1.8) 



iV-2-2a x 2 
2 



1 < A, (1.9) 



2 

(3>a, p > (1.10) 
V / (^) 2 -A 

Suppose K e C 2 (1R 7V ) satisfies 

K e C 2 ^), w/iere K(x) is defined in (1.11) 
VK(0) = 0, AAT(O) ^ 0, and VJ?(0) = 0, AK(0) ^ 0, (1.12) 

and for some positive constant Ai 

\/A x <K(x), ViGl". (1.13) 

Then there is Ck > such that for any t G (0,1] and any solution v t of 



-div (\x\- 2a Vv) - j-^-- v = (l + t (K(x) - 1)) V 



l,2/"ID>iV> 



:i.i4)i 



^>0, i;eZ& 2 (]ir)\{0}, 

we nave |||£| a_a ft||.E < Ck and 

C K X < \x\ a - a (l + \x\ N - 2 - 2a )v t (x) < C K in R N \ {0}. (1.15) 

To prove the above compactness result we adapt the arguments of 0] to carry out 
a fine blow-up analysis for (|1.6|) . Assumptions (jl.8|) - ()1.10|) imply 

(JEE) => a > 0, fOD =^ i*=* < a < ^ 

A key ingredient is the exact knowledge of the solutions to the limit problem with 
K = const, which is only available for a > 0. In 0] (see also ^H) it is shown through 
the method of moving planes that if a > then any locally bounded positive solution 
in C 2 (R N \ {0}) of flTJJ) with K = K(0) is of the form 

a,b - N-2-2a b fX\ 

Z K(0),n : =V 2 Z K(0){-)> ^>°> ( L16 ) 

where z K b , Q s = z^ ,b (x K(0) (p-2)(iv-2-2a) ^ anc j ^> 6 j s explicitly given by 



a, b i \ 

Z{ (x) 



N—2(l + a — b) l 2(l + a-ft)(JV-2-2a) 
1 I 1 — T JV— 2(l+a-i>) 

7V(iV-2-2a) 2 11 



iV-2(l + a-b) 
2(l + a-6) 
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For a < the set of positive solutions becomes more and more complicated as a— ► — oo 
due to the existence of non-radially symmetric solutions (see 0, 0, El). Up to now, 
our blow-up analysis is only available for p < 2*; the case p = 2* presents additional 
difficulties because besides the blow-up profile z^ b a second blow-up profile described 
by the usual Aubin-Talenti instanton of Yamabe-type equations may occur. The 
further restrictions on a, p and K should be compared to the so-called flatness- 
assumptions in problems of prescribing scalar curvature. 

Non-existence results for equation (jl.6j) can be obtained using a Pohozaev-type 
identity, i.e. any solution u to ()1.6|) satisfies the following identity 

u v 

(VK(x)-x)—dx = 0, 

provided the integral is convergent and K is bounded and smooth enough (see Corol- 
lary • This implies that there are no such solutions if VK(x) ■ x does not change 
sign in 1R and K is not constant. 

The above compactness result allows us to exploit the homotopy invariance of the 
Leray-Schauder degree to pass from t small to t — 1 in |(1.14)^| We compute the degree 
of positive solutions to |(1.14) t | for small t using a Melnikov-type function introduced 
in lH El and show that it equals (see Theorem I5.3J1 

sgnAA(O) + sgnAA(O) 
2 ' 

In particular, we prove the following existence result. 

Theorem 1.2. (Existence) Under the assumptions of Theorem \l.l\ if, moreover, 
p > 3 and 

sgnAA(O) + sgnAA(O) ^ 

then equation M.l\) has a positive solution v such that \x\ a ~ a v G Bc K {0) C E and v 
satisfies M.lty . 

The assumption p > 3 is essentially technical and yields C 3 regularity of the functional 
associated to the problem which is needed in the computation of the degree. 

In @ problem J£B is studied in the case in which K is a small perturbation of a 
constant, i.e. in the case K = 1+ek, using a perturbative method introduced in 
We extend some of the results in j^] to the nonperturbative case. Problem (jl.lj) 
for a = (3 = (hence p = 2*) and < A < (N - 2) 2 /4 is treated by Smets [13] who 
proves that in dimension N = 4 there exists a positive solution provided K G C 2 is 
positive and K(0) = lim^i^oo K(x). Among other existence and multiplicity results, 
in (H positive solutions to (fTTj) for a = (3 = 0, p = 2*, and < A < (N - 2) 2 /4 are 
found via the concentration compactness argument, under assumptions ensuring that 
the mountain-pass level stays below the compactness threshold at which Palais-Smale 
condition fails. We emphasize that the solution we find in Theorem ll.2l can stay above 
such a threshold. 

Remark 1.3. If we drop the assumption a < we may still change the variables 
u{x) = \x\ a ~ a v (x), where a is given in / ti.,5|) . and we still obtain weak solutions u of 
M.b\) in X>*' 2 (R ). But in this case the transformation v{x) = \x\ a ~ a u(x) gives rise 
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only to classical solutions of M-l)) in JL N \ {0} but not to distributional solutions in 
the whole R N . 

The paper is organized as follows. In Section 2 we prove a Pohozaev type identity 
for equation (jl.fij) . In Section 3 we introduce the notion of isolated and isolated simple 
blow-up point which was first introduced by Schoen |l6[ and provide the main local 
blow-up analysis. In Section 4 we prove Theorem ll.ll bv combining the Pohozaev type 
identity with the results of our local blow-up analysis. Section 5 is devoted to the 
computation of the Leray-Schauder degree and to the proof of the existence theorem. 
Finally in the Appendix we collect some technical lemmas. 
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2. A Pohozaev- type identity 



Theorem 2.1. Let Q be a bounded domain in M. N (N > 3) with smooth boundary, a, 
b, and p satisfy M.ty) - imJ\) . K e C 1 (fi) and u £ V^' 2 (M. N ) be a weak positive solution 
of 

-div {\x\~ 2a Vu) = K(x)j-^, xett. (2.1) 



There holds 
1 



PJn 



(VK ■ x) 



\x 



bp 



dx 



\x\ 



-2a 



Vu\ 2 x ■ v 



<-)<} 



f K{x) 


u p 


\x\ b P 




■f / \x 


- 2a ( 


Jan 





\x 



X ■ V 



N - 2 - 2a 



x\ 2a uVu ■ v 



mi 



x ■ Vm)(Vm • u) 



where v denotes the unit normal of the boundary. 
Proof. Note that 



ds 



8B S (0) 



\K(x)\v? 



\Vu\ 



\x 



bp 



\x 



2a 



£>i(0) 



\K(x)\u* 



\x 



2a 



< oo 



which implies that there exists a sequence e n — > + such that 

» 



I 



8B £n (0) L \ X 



\K(x)\u p + \Vu\ 2 



I bp 



\X 



2a 



(2.2) 



as n — > oo. Let Q En := Q\B En (0). Multiplying equation (j2.1j) by x-Vu and integrating 
over Q £n we obtain 



A' 



-E 







j,k=i Jn -™ WUjJ 



du \ du 



N 



dxj \ ^ dxj ) k dxh 



dx = J2 



k=l 



du 
dx k 



K(x) 



u 



p-i 



\x 



bp 



dx. 



(2.3) 
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Let us first consider the right-hand side of ()2.3|) . Integrating by parts we have 



£ L xk £ K(x) w dx= i b - j) L K{x) ^ dx 

P k=1 Jn En ox k P k=1 Jdn En m p 

Integrating by parts in the left-hand side of (|2.3|L we obtain 

f 9 (. . 2a du\ du , N-2-2a f . 2al „ l2 , 

= — —I. w |Vu| * 

+ 0/ M~ 2a |Vw|Vz/- / |x|- 2a (x- Vu)(Vu-f). (2.5) 
From (Q, (El), and (Q, we have 

p ^1 i-6p 
u p x k -— \x\ p 

ox k 



I" 1 r fc = 1 " fie„ 

A' 



K(x)u p 



p k=1 Jdo en \A hp 

N-2-2a f , 2a ,^ l2 , If 
- / |x|~ 2a |Vw| 2 cfe + - / 



x|" 2a |VM| 2 X • V 



2 

|x|" 2a (x ■ Vw)(Vw • i/). 



En 



Because of the integr ability of |x| bp u p and of \x\ 2a |Vw| 2 , it is clear that 
V Pj Ja en M bp PttJn 

K (x)-^-dx--y [ 

J \x\ bp Pt^Jn 



u p x k — \x\- bp 
ox k 



i*>--) f m^-d X - l -y [u p x k ^\x\- bp 



and 



I \x\- 2a \Vu\ 2 dx — ► I |a;|- 2a |Vn| 2 rfx. 
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Hence, in view of (|2.2|h we have 



N 
V J Jn 



K{x) 



u 



x \bp 



1 N 



k=l 



v dK \ 
u p x k - — \x 



-bp 



1 N 



V k=1 Jan 
N — 2 — 2a 



K(x)u % 
\x\ h P 



2 

\x\~ 2a (x- Vu)(Vu-v). 



x\~ 2a \Vu\ 2 dx + ^ I \x\~ 2a \Vu\ 2 x ■ v 



on 



on 



Multiplying equation (|2.1j) by u and integrating by parts, we have 



x\~ 2a \Vu\ 2 dx 



on 



x\~ 2a u^+ I 
av 



dx. 



The conclusion follows from ()2.6|) , (j2.7|) , and from the identity 



\x\ b P 

N-bp _ N-2-2a 
P 2 



(2.6) 

(2.7) 
0. □ 



Corollary 2.2. If a, b, and p satisfy / ll.g)) - n~^) . K G C 1 (i? (J ) and u be a weak 
positive solution in P^' 2 (M. ) of 

-div (\x\~ 2a Vu) = K(x)—rr-, x e B a := {x e R N : \x\ < a} (2.8) 



^bp- 



then 



1 
PJ 



{VK ■ x) 



u 



\x\ b P 



dx 



where 



B(a, x, u, Vu) 



N - 2 - 2a 



a 



V Job 



x\~ 2a u 



K(x) 



if 



\x\ b P 



/ B(a,x,u,Vu) (2.9) 

JdB a 



du a 
d^~2 



x\- 2a \Vu\ 2 + a\x\- 2a [ 



2,i 



(du x 2 



Corollary 2.3. Let u be a weak positive solution in P^' 2 (M ) of 



-div(|x|-' a Vu) = K(x 



\x\ b P'' 



x e 



where a, b, and p satisfy /TOP- /TO) and K 6 L°° fl C 1 ^), |VA'(x) ■ x| < const. 

(2.10) 



(VA"(x) • x)—-r-dx = 0. 



Proof. Since 

- + 0O 



r/,s 



|AT(a;)|u p |V«p 



2u 



\K(x)\u p \Vu\ 



\x\ b P 



\x\ 



-2a 



< oo 



there exists a sequence R n — > +oo such that 



\K(x)\u p + |Vw| 2 



2a 



0. 



(2.11) 
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From Corollary 12.21 we have that 

,™ x uP , R n f x uP N-2-2a f . 2o 9m 
[VK ■x)-- r dx=— K(x)-- r + / \x\~ 2a u — 

PJB Rn K '\A blP P JdB Rn '\A hP 2 J dB J dv 

~f \x\- 2a \Vu\ 2 + R n [ \x\- 2a (^-) 2 . (2.12) 

2 JdB Rn JdB Rn \dv) 

In view of (j2.11|) and noting that from Holder inequality 

dB Rn OV JdB Rn Fl Fr 

a+ (Ar-i)( P -2) _i_i / /• u p y / r \vu\ 2 Y 

Fr/ v -/sbb,, fi 



2« 



Fl 

we can pass to the limit in (|2.12jl thus obtaining the claim. □ 
It is easy to check that the boundary term B (a, x, u, Vw) has the following properties. 
Proposition 2.4. 

(i) For u(x) = \x\ 2+2a ~ N , a > 0, B(cr,x,u,S7u) = for all x E dB a . 

(ii) For u(x) = \x\ 2+2a ~ N + A + Ci x )> with A > and some function 
differentiable near satisfying ((0) = 0, there exists a such that 

B(a, x, u, Vw) < for all x G dB a and < a < a 



lim / B(a,x,u,Vu) = - {N \ ^ A^l 



and 



J dB a 2 

3. Local blow-up analysis 

Let fi C M N be a bounded domain, a, b, and p satisfy (jl.2|) - (jl.3j) . and {Ki}i C C(fi) 
satisfy, for some constant A± > 0, 

1/Ai < ^(x) < Ai, VxGH and K { -> A' uniformly in fi. (3.1) 

Moreover, we will assume throughout this section that a > 0. We are interested in 
the family of problems 



-div (|x|- 2a Vw) = Ki(x)—^ weakly in fi, u > in fi, u e ^' 2 ( ffiJV )- ( p *) 

Definition 3.1. Let {ui}i be a sequence of solutions of (Pi)- We say that E fl is a 
blow-up point of {u{\i if there exists a sequence {x{\i converging to such that 

2 

Ui(xi) — > +oo and Ui(xi) N - 2 - 2a \xi\ — > as i +oo. (3.2) 



p-i 
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Definition 3.2. Let {itj}j be a sequence of solutions of (Pi). The point is said to 
be an isolated blow-up point of {ui}i if there exist < f < dist(0,dfl), C > 0, and 

2 

a sequence {xi}i converging to such that Ui(xi) — » +oo, Ui(xi) N ~ 2 ~ 2a \xi\ — > as 
i — > +oo, and for any x G B f (xj) 



N-2-2a 
I | 2 



< C \x — x. 
where B f (xi) := {x 6 fl : \x — Xi\ < f} . 
If is an isolated blow-up point of {u,i}i we define 

Ui{r) = f u % = 1 / iti, r > 

JdB r (x t ) \0£>r\Xi)\ JdB r (xi) 

and 

— N—2 — 2a _ 

Wi(r) = r 2 r > 0. (3.3) 

Definition 3.3. The point is said to be an isolated simple blow-up point of {u{\i 
if it is an isolated blow-up point and there exist some positive p G (0,f) independent 
of i and C > 1 such that 

~ 2 

w'i{r) < for r satisfying C Ui(xi)~ N - 2 ~ 2a < r < p. (3.4) 

Let us now introduce the notion of blow-up at infinity. To this aim, we consider the 
Kelvin transform, 

u^x) = \ x \-W-™)^(JL\ (3.5) 

which is an isomorphism of T>^' 2 {R N ). If ttj solves (Pi) in a neighborhood of oo, i.e. 
Q = R \D for some compact set D, then Ui is a solution of (Pi) where Ki is replaced 
by Ki(x) = Ki(x/\x\ 2 ) and f2 by f2 = \ {x/|x| 2 | x G D}, a neighborhood of 0. 

Definition 3.4. Let {ui\% be a sequence of solutions of (Pi) in a neighborhood of oo. 
We say that oo is a blow-up point (respectively an isolated blow-up point, an iso- 
lated simple blow-up point) if is a blow-up point (respectively an isolated blow-up 
point, an isolated simple blow-up point) of the sequence {u.i}i defined by the Kelvin 
transform \3. 5)) . 

Remark 3.5. It is easy to see that oo is a blow-up point of {ui}i if and only if there 
exists a sequence {x{\i such that \x,i\ — >• oo as i — >• +oo and 

\xi\ N ~ 2 ~ 2a Ui(xi) — > oo and \xi\ui(xi) N-l-2a — > o. 

j^+oo i— >+oo 

In the sequel we will use the notation c to denote a positive constant which may vary 
from line to line. 

Lemma 3.6. Let (Ki) i€ ^ satisfy \3.1)) . {ui}i satisfy (fHP an d Xi — > be an isolated 
blow up point. Then there is a positive constant C = C(N,C,Ai) such that for any 
< r < min(f/3, 1) there holds 

max Ui(x) < C min Ui(x). (3.6) 

x&B2r(xi)\B r / 2 (xi) xGB 2r (xi)\B r / 2 {xi) 
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Proof. We define Vi(x) := r 2 2a m{rx + Xj). Then Vi satisfies in -63(0) 

< Vi{x) < (7|x|~ i ^^\ (3.7) 

and 

-div^x + r^x^Vv^x)) = -r^^ +2+2a div(| ■ \- 2a Vui(-))(rx + Xi) 



Ki(rx + Xi) \x + r 1 x i \ bp v f 1 (x), 



since 



N-2-2a , , N-2-2a / N - 2(1 + a - b) \ 

+ 2 + 2a-bp-(p- 1) = N-pl = 0. 



2 r ^ ' 2 c \ 2 

To prove the claim we use a weighted version of Harnack's inequality applied to Vi 
and 

-div (\x + r^Xil-^Vviix)) - Wi(x)Vi(x) =0 in ,89/4(0) \ B 1/4 (0), 

where Wi{x) := Kiirx + x^) \x + r~ 1 Xi\~ bp vf~ 2 (x). From (|3.7|) the function is 
uniformly bounded in S g /4(0)\i?i/4(0) and the claim follows from Harnack's inequality 
in [ijj. We mention that | ■+r~ 1 Xi\~ bp belongs to the class of potentials required in 
(see Lemma fA. 31 of the Appendix). □ 

Proposition 3.7. Let {K{\i satisfy h8. {u{\i satisfy |HP and Xi —> be an iso- 
lated blow up point. Then for any Ri — > 00, £j — > + , we have, after passing to a 
subsequence that: 

RiUi(xi)~ N-2-2 a _> as i — > 00, (3.8) 

\\ui(x i )~ 1 Ui(u i (xi)~K=^ ■ +n) - z^ h {0) (-)\\co,j(B 2R .(o)) < (3.9) 

Wuiixi^u^Uiixi)-^^ ■ +Xi) - 4f( O )(0 ||/fi(B M .(o)) < e<, (3.10) 
where H\{B 2 R i {Q)) is the weighted Sobolev space {u : |x| _a |Vu|, |x| _a u G L 2 (_B 2 /? i (0))}. 
Proof. Consider 

CPi(x) = Ui (Xi) (Ui (Xi) ~ N-Lla x + Xi ), \ x \ < fUi(Xi) N -2-^. 

We have 

-div (\x+Ui(Xi) 2a V^(x)j 

= iTi(tii(Xi)~-V-a-a»X + Xi) |x + tti(Xi)^-2-2«Xi| _6p ^^(z). 

Moreover, from the definition of isolated blow-up 

<Pi(0) = 1, < v^i(x) < <7ja;| _ ~ 2 2 " for |x| < fu^Xi) N-t-2a . (3.11) 
Lemma 13.61 shows that for large i and for any < r < 1 we have 

max</5j < Cminyjj, (3-12) 
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where C = C(N, C, A x ). Since 

— div (\^x + Ui{xi) N -%- 2a Xi\ 2a Vipi(x)j > and </?i(0) = 1 

we may use (j3.12j) and the minimum principle for |x| _2a -superharmonic functions in 
Thm 7.12] to deduce that 

<Pi(x)<C in 51(0). (3.13) 

Prom (|3.11|) . ()3.13|) and regularity results in 0] the functions <fii are uniformly 
bounded in C%(R N ) and Hl loc (R N ) for some 7 G (0, 1). Since point-concentration is 

ruled out by the L°°-bound, there is some positive function <p G Cj£ (R N )nHl loc (M. N ) 



and some 7' G (0, 1) such that 



- div (\x\- 2a Vif) = lim Kifa 

i— >oo 

v(o) = 1. 



p-1 



\x 



bp 



By uniqueness of the solutions proved in |8( we deduce that ip = z 



a,b 

z K{oy 



□ 



Remark 3.8. From the proof of Proposition 3.1 one can easily check that if Xi — > 
is an isolated blow-up point then there exists a positive constant C , depending on 
Hindoo Ki{xi) and a, b, and N, such that the function Wi defined in hS. S\) is strictly 

decreasing for Cui(xi)~ 2 ^ N ~ 2 ~ 2a ^ < r < r» = RiUi(xi)~ N - 2 ~ 2a (see Lemma VA.^ of the 
Appendix) . 

Lemma 3.9. Let Xi — > be a blow-up point. Then for any x such that \x — Xi\ > 

_ 2 

r, = RiUi(xi) N-2-2a we have 



In particular, Xi G B n (0). 



Proof. The assumption 



x|(l + o(l)). 

o(l) implies that \xi\ = rjo(l). Hence 



x\ > \x — Xi\ — \Xi\ > Ti — Ti o(l) = Ti(l + o(l)). 



Therefore 



and hence 



< 



r;o(l) 



|z| - r<(l + o(l)) 







X 




\x\ 




\x\ 


\x\ 



0(1) 



i— >+oo 



□ 



thus proving the lemma. 
Proposition 3.10. Suppose {ifj}, C Cl oc (B 2 ) satisfy \3.1\) with Vl = B 2 and 

\VKi(x)\ < A 2 for all x G B 2 . (3.14) 



12 VERONICA FELLI AND MATTHIAS SCHNEIDER 

Let Ui satisfy (Pi) with Q = B 2 and suppose that Xi — > is an isolated simple blow-up 
point such that 

\x — Xi\ 2 Uiix) < A 3 for all x G B 2 . (3.15) 

Then there exists C = C(N, a, b, Ai, A 2 , A 3 , C, p) > such that 

Ui(x) < C Ui(xi)- l \x - Xi\ 2+2a ~ N for all \x - Xi\ < 1. (3.16) 

Furthermore there exists a Holder continuous function B(x) (smooth outside 0) sat- 
isfying div (|a:|~ 2a V-B) — in B\, such that, after passing to a subsequence, 

Ul (x t )u z (x) - h(x) = A\x\ 2+2a ~ N + B(x) m Cf^B, \ {0}) 

where 

a,b \P-1 



A m r (fSkL 

(iV-2-2a)|S"| ./„„ \x\ 



I bp 



Lemma 3.11. Under the assumption of Proposition \3~TU without \3.1J$ there exist 

. -2(l + n-h)(JV-2-2a) . 

a positive 5i = 0(R { N - 2 ( 1 + a ~ b ) \ anf ^ q _ C(N, a, b, Ai, A 2 , C, p) > such that 

Ui(x) < Cui(xi)- X '\x - Xi\ 2+2a - N+Sl for alln<\x-Xi\<l, (3.17) 
where Aj := 1 - 2<J 4 /(JV - 2 - 2a). 
Proof. It follows from Proposition 13. 71 that 

Ui(z) < cUi(xi)R 2a+2 - N for |x - Xi| = r 4 . (3.18) 
From the definition of isolated simple blow-up in (J3.4)) there exists p > such that 

N-2-2a 

r 2 is strictly decreasing in rj < r < p. (3.19) 
From 1)3.18)1 . ()3.19)1 and Lemma [3.61 it follows that for all V{ < \x — Xi\ < p 

N-2-2a N-2-2a N-2-2a _ 2+2q-iV 

|x — Xj| 2 Mj(x) < c|x — Xj| 2 — Xj|) < cr i Uiiji) < cR i 

Therefore for ri < \x — Xi\ < p 

Ui (x)^=^ < cR~ 2 \x - Xi\~ 2 . (3.20) 

Consider the following degenerated elliptic operator 

&(p = div (\x\~ 2a Vif) + K^x^Uiixy- 2 ^. 

Clearly Ui > solves = 0. Hence —Li is nonnegative and the maximum principle 
holds for Li. Direct computations show for any < p < N — 2 — 2a 

div (|x|" 2a V(|x|^)) = -p(N - 2 - 2a - p)\x\~ 2 ~ 2a ~^ for x ^ 0. (3.21) 

From ()3.20)1 . ()3.21)1 and Lemma f3. 91 we infer 



-2(l + q-p)(iV-2-2a) 

£ i {\x\-»)<(-p{N-2-2a-p) + cR i N ~^ 1+ ^ ) 



JV-2(l+a-b) ^| |-2-2a-/u 



-2(l + a-h)(JV-2-2a) 
JV-2(l+a-6) 



We can choose 5j = 0(R { ) such that 

maxtAQxr' 5 *), Ci(\x\ 2a+2 - N+Si )) < 0. (3.22) 
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Set Mi := 2 maxsBpixi) u i: Aj = 1 - 2^/ (N - 2 -2a), and 

¥?<(x) := Mip Si \x\- Si + AM i (x i )" A '|x| 2+2a ~ Af+<51 for r< < \x - x 4 | < p, (3.23) 

where A will be chosen later. We will apply the maximum principle to compare ipi 
and itj. By the choice of and Lemma f3. 91 we infer for i sufficiently large 

>^y> Ui(x) for \x - Xi\ = p. 

On the inner boundary \x — Xi\ — r j we have by (|3.18j) and for A large enough 

¥>i(aO > A(l + o(l))n 4 (x 4 )- Al r 2+2a - Ar+51 = A(l + o(l))i? 2+2a - JV+,5! u 4 (x 4 ) 2 "^^" Ai 
>A(l + o(l)) J R 2+2a " Ar n i (x i )>n i (x). 
Now we obtain from the maximum principle in the annulus r« < \x — Xi\ < p that 

Ui(x) < (pi(x) for all r; < \x — Xi\ < p. (3.24) 
It follows from (|3.19j) . ()3.24|) and Lemma f3. 61 that for any r, < 9 < p we have 

JV-2-2a N-2-2a N-2-2a 

P 2 Mi < cp 2 Ui(p) < cO 2 Ui(9) 

< ce E ^(M t p^e-^ + Au l {x l r x 'e 2+2a - N+s '). 

Choose 9 — 9(p, c) such that 

N-2-2a r c 1 Af-2-2a 

Then we have 

Mi < cui(xi)- x \ 

which, in view of (J3.24|) and the definition of (fi in ()3.23|) . proves (|3.17|) for rj < 
\% — %i\ < P- The Harnack inequality in Lemma 13.61 allows to extend ()3.17|) for 

Ti < \x — Xi\ < 1. □ 

Proof of Proposition \3.1U\ The inequality of Proposition 13 . 101 for \x — Xi\ < follows 
immediately for Proposition 13.71 Let e G M. N , \e\ = 1 and consider the function 

Vi(x) = Ui(xi + e) _1 Mi(x). 

Clearly u 4 satisfies the equation 

-div (|x|" 2a V^) = i^fo + e) p - 2 K,(x)^ in S 4/3 . (3.25) 



Applying the Harnack inequality of Lemma 13.61 on Vi, we obtain that u$ is bounded 
on any compact set not containing 0. By standard elliptic theories, it follows that, 
up to a subsequence, {vi}i converges in C 2 QC (B 2 \ {0}) to some positive function 
v G C 2 (B 2 \ {0}). Since Ui(xi + e) — > due to Lemma 13. 11| we can pass to the limit 
in (J3.25|) thus obtaining 

-div (\x\- 2a Wv) = in B 2 \ {0}. 
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We claim that v has a singularity at 0. Indeed, from Lemma l3~6l and standard elliptic 
theories, for any < r < 2 we have that 

v / \-1 N - 2 ~ 2a \ N-2-2a 

hm Ui [Xi + e) r 2 uAr)—r 2 v[r) 



where v(r) = tq^i j dB v. Since the blow-up is simple isolated, r 2 v(r) is non- 
increasing for < r < p and this would be impossible in the case in which v is regular 
at 0. It follows that v is singular at and hence from the Bocher-type Theorem 
proved in the Appendix (see Theorem IA.4|) 

v (x) = ai \x\ 2+2a - N + h(x) 

where a\ > is some positive constant and bi (x) is some Holder continuous function 
in B 2 such that -div (|x|" 2a V6i) = 0. 

Let us first establish the inequality in Proposition EQU for \x — Xi\ = 1. Namely we 
prove that 

Ui(xi + e) < cWj(xi) -1 . (3.26) 
By contradiction, suppose that (|3.26j) fails. Then along a subsequence, we have 

lim Ui(xi + e)ui(xi) = 00. (3.27) 



i— *oo 



Multiplying (Pj) by Ui(xi + e) 1 and integrating on B ly we get 



.r 



-2a" 



p-1 



K^-^-j-Uiixi + eyUx. (3.28) 



dv I r>, \x\ bp 



From the properties of b\ and the convergence of V{ to v, we know that 

lim / \x\~ 2a ^= [ \x\- 2a ^-(a 1 \x\ 7+2a - N + UX)) 
^*°°JaBi dv JdB, dv 

= -ai(JV-2-2a)|S^|<0. (3.29) 

From Proposition 13. 71 there holds 

KAxW' 



\x 



bp 



dx^Cuiixi)- 1 (3.30) 



while from Lemma [3.1 II and Lemma [3.91 we have that 

Ki(x)uV- x , f . . x(v Jx - xS 2+2a - N +WP-V 

' ,, 1 dx<c I u i (x i )- Ai(p ~ 1) '- 



ri<\x—Xi\<l | J/ | ^ri<|x— Xi|<l |""| 

< c Ui ( Xi )- A l (p- 1 ) r ( 2+2a - Ar+5i )( p - 1 )- fcp+Ar 

= cn J (x J )- 1 J Rf +2a - Ar+5l)(p ~ 1) " 6p+JV = o(l)n 4 (x 4 )' 1 . (3.31) 

Finally, ()3.27|) . ()3.29|) . ()3.30|) . and (|3.31|) lead to a contradiction. Since we have 
established (13.26(1 . the inequality in Proposition 13.101 has been established for p < 
\x — Xi\ < 1 (due to Lemma f3.6() . It remains to treat the case r, < \x — Xi\ < p. To 
this aim we scale the problem to reduce it to the case \x — Xi\ = 1. By contradiction, 
suppose that there exists a subsequence Xi satisfying r\ < \xi — X{\ < p and 

lim Ui(xi)ui(xi)\xi — Xi\ N ~ 2 ~ 2a = +00. (3.32) 

i— >+oo 
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Af-2-2a 

Set fj = \xi — Xi\ and Ui(x) = f i 2 Wj(fjx). We have that Ui satisfies the equation 

-div {\x\~ 2a Vu t {x)) = Ki(fix) A ' 



\x 



bp 



Since \xi\ = rjo(l) and fj > rj we have that Xi/f» — > 0. We have that Xj/fj is an 
isolated simple blow-up point for From tj.-t.2Kj) . we have that 

~ / Xj , Xj ^ i I - ~ I 

uA— H z < cui — 

\ r i r « / \ r i 

which gives 

r^-^Uiix^Uiixi) < c. 

The above estimate and (J3.32j) give rise to a contradiction. The inequality in Propo- 
sition EHH is thereby established. 

We compute A by multiplying (Pi) by Wj(xj) and integrating over B\. From the 
divergence theorem, 

X\ 2a -^-(ui(Xi)Ui) = Ui(Xi) / Ki^yt-rr-dx. (3.33) 

'asi ov j Bl \x\ p 

Let Wi(x) = Ui(xi)u(x). We have that Wi satisfies 

p-i 

-div(|xr 2a V^) = mix^Kdx)^. 



\x\ 



Moreover the inequality (j3.16j) implies that Wi is bounded on any compact set not 
containing 0. Hence uii — > w in Cf oc (M. N \ {0}) where w satisfies 

-div(|a;r 2a Vu;) = in R N \ {0}. 

From the Bocher-type theorem proved in the Appendix (Theorem IA.4j) . we find that 
w(x) = A\x\ 2+2a ~ N + B(x) where B(x) is Holder continuous in ~R N and satisfies 
-div (\x\- 2a VB) = in R N . Hence 

&a / W^N^H) = / Ixl-^Cillxr^ + SCx)) 
i ^°°JdB 1 dv JdB 1 dv 

= A(2 + 2a-N)\S N \. (3.34) 
On the other hand from (j3.31j) and Proposition 13.71 



p—i f p— 1 



Ui(xi) K i (x)y-^-dx = u i (x i ) I Ki(x)- 1 -^- dx + o(l) 

'Bl Fl J|a:-Xi|<ri FI 



= / 1 (0) j ^ ^ + °(!) 

■/|y|<fli \y + Ui(xi)x-->-^Xi\ 

= *(°) / TiL dy + o(l). (3.35) 

jm^ \y\ 1 

By f!3.33j) . ()3.34j) . and (J3.35j) the value of A is computed and Proposition 13.101 is 
thereby established. □ 
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Using Proposition 13.71 and the upper bound in Proposition 13.101 it is easy to see 
that the following estimates hold. 

Lemma 3.12. Under the assumptions of Proposition \3.1(k we have for s = s\ + S2 



s 2|™|-bp„,./' „\p 



u 



(o(i) + J rn \x\ s - b Pzl Ki{x ^ if - N + bp<s<N-bp, 

0(ui(xi)~ p log Ui(xi)) ifs = N-bp, 

o(iii(xi)~ p ) if s > N — bp. 

\x — Xi\ Sl \x\ S2 \x\~ hp Ui(x) p 

Ti<\x-Xi\<l 

{o(ui(xi) N -2- 2a ) if - N + bp < s < N - bp, 

0(ui(xi)~ p \ogUi(xi)) ifs = N-bp, 
0(u i {x i )- p ) ifs>N-bp. 

Proposition 3.13. Let a E [^y^, [■ Suppose that {Ki}i satisfy 113.1]) with Vt = 
B2 C R for some positive constant A\, Vifj(O) = ; {Ki}i converge to K in C 2 [B2), 
{ui}i satisfy (Pi) with Q = -62(0) and x\ — > is an isolated blow-up point with \3.1fA) 
for some positive constant A3. Then it has to be an isolated simple blow-up point. 

Proof. From Remark 13 . 81 there exists a constant c such that r i Ui(r) is decreasing 
in cUi(xi)~ 2 ^ N ~ 2 ~ 2a ' < r < rj. Arguing by contradiction, let us suppose that the 
blow-up is not simple. Hence for any % there exists /Xj > r i; \X{ — * 0, such that /ij 
is the first point after rj in which the function r 2 ~Uj(r) becomes increasing. In 
particular //, is a critical point of such a function. Set 



£i(x) = ^ 2 Ui(fiix), for \nix - Xi\ < 1. 

Clearly £j satisfies 

-div (\x\~ 2a V£i) = Ki(fiix)j^, for \^x - x { \ < I. 
Note that /i~ < R~ Ui(xi) N ~ 2 - 2a < Ui(xi) N - 2 ~ 2a and hence 

fii^Xil < Ui(Xi) lf-i-2a\ Xi \ -> 

in view of (J3.2|) . Moreover ()3.15|) implies that 

_ -1 AT— 2 — 2a _ 1 I / 

|x — /ij sEj| 2 ^j(x) < const for |x — /ij £j| < 1//Xj 
It is also easy to verify that 

JV-2-2a 

lim ^(/i" 1 ^) = lim /i,- 2 = 00. 

i— »oo i— >oo 

On the other hand 

r JV-2-2a /" iV-2-2a 

/ ti = Pi 2 f u i = Vi 2 Ui(^r). 

JdB r (fi i 1 x i ) JdB rlH (xi) 
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Hence 



jV-2-2a - 



r 2 £.( r ) = Wi(fiir) 



N-2-2a — 



and the function r 2 &(r) is decreasing in c£i(/^ ^-2-2^ < r < 1 so that is 
an isolated simple blow-up point for From Proposition 13.101 we have that 



^(/i- 1 ^)^^) - = Alxr 2 ^ + B(x) in C 2 



TocV- \{0}) 

where B(x) is Holder continuous in M. and satisfies — div (|x| _2a V-E>) =0 in WL N . 
Since h > 0, the Harnack inequality implies that B is bounded and from the Liouville 
Theorem (see 0]) we fi n d that -B must be constant. Since 

d r , / \ -2-2q 

— {h(r)r^^}\ r=1 = 

we have that A = B > 0. From the Taylor expansion, ()3.2j) and the assumption 
VATi(O) = we find 



^i)! < COIlSt l Xi\ = 0^(/i- 



Using Lemma EII21 (JUSE}, and the assumption on a, we have 



fiiV K^x) ■ x- 



\x 



bp 



B<j{li i 1 x i ) 



Pi 



HiOn^n^Xi 



VKifa 1 x i ) + 0(\x\ + \x-Hi l Xi\) 



VKifai 1 x i ) + 0(/JiX - ^ 1 x i ) 



(3.36) 



X- 



ftp 



if p > 



fiiO[Ci(fMi 1 x i ) p log Hi (a;*)) if p 



^iOUi{^i l Xi 



if p < 



iV- 


2- 


2a 




1 




AT- 


2- 


2a 




4 




AT- 


2- 


2« 



► = o(&0i 4 Vi) 2 ). 



Hence, from Corollary 12.21 and (|3.1fi|) . we have that for any < a < 1 

JdB a (0) 
1 



V JB a {0) 
1 



HiVKidiix) ■ x- 



a 



ftp 



P JdB a {0) 



Ki(fj,ix) 



bp 



P J B< r ( l J,- 1 X i ) 



\x 



Multiplying by x Xi) 2 and letting i^oowe find that 



B(a,x,h,Vh) = 0. 



On the other hand Proposition 12.41 implies that for small a the above integral is 
strictly negative, thus giving rise to a contradiction. The proof is now complete. □ 
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4. A-PRIORI ESTIMATES 

To prove the a-priori estimates we first locate the possible blow-up points as in Til . 
To this end we use the Kelvin transform defined in (j3.5J) . We recall that if u solves (jl.6|) 



then u = \x\ K " " ^'u{xj \x\") solves iji.hj) witn A replaced Dy K{x) = t 
Since weak solutions to (jl.fjjl are Holder continuous (see [13]) we infer that 



-(JV-2-2a) 



solves (jl.fjjl with K replaced by K{x) = K(x/\x\ 



lim \x 

\x\— >oo 



N-2-2a 



u(x) exists. 



(4-1) 



Let us define ui n {x) 



'1 + \x 



N-2-2a\-l 



satisfies nTTTly and for 



Lemma 4.1. Suppose a > 0, 2 < p < 2*, and K £ C 2 { 

some positive constants A\, A 2 condition Al.l.ty and 

1^^11^00(^(0)) + ||Vif||L°°(B 2 (o)) < A 2 . (4.2) 

Then for any e £ (0, 1), R > 1, there exists C = C (e, R, N, a,b, A\, A 2 ) > 0, such 
that if u is a solution of M.b]) and K, = {q±, . . . , q^} C ~R N U {00} with 



max 



^distix^)^ > C , 



u (Qi) N - 2 ~ 2a < e, and for all 1 < % < k 
max ^4Kdist(x, {01, . . . , Oj_ii) N 2 



(4.3) 



< 



^^dist(q tl {q u ...,q i _ 1 })' 



then there exists q* £" JC such that q* is a maximum point of {u/u) a )dist{-, /C) 2 and 
(A) if\q*\ < 1 



u[u\ 



2 °-x + q 



u(q*) 



a,b 



(B) i/|g*|>l 
u(u(q*)~ J 



~x + q*) 



u(q* 



C°'T(B 2 fl(o))n 

Hi(B 2R (0)) 



c°-<(B 2R (o))n 

H^(B 2R (0)) 



+ \q*\u(q*) N - 2 -^ < e 



(4.4) 



+ \q*\u(q*) N -i-^ < e 



(4.5) 



where q* = Inv(q*) := q* /\q*\ , u is the Kelvin transform of u, dist(-, •) is the distance 
U {00} induced by the standard metric on the sphere through the stereo- graphic 



on 



projection, and dist(-,$) = 1. 

Proof. Fix e > and R > 1. Let Co and C\ be positive constants depending on 

s, R, a, b, N, Ai, A 2 which shall be appropriately chosen in the sequel. 

Let q* £ M^Ujoo} be the maximum point of w/u; a dist(x, /C) 2 . By (14. lj) this max- 



imum is achieved. From the first in (j4.3jl we have that u(q*) / uo a (q*)dist(q* , /C) 2 > 
Co- First we treat the case \q*\ < 1. We claim that there exists a constant C%, de- 



pending only on e, R, a, b, N, A±, A 2 , such that \q* 



: u(q*) < C\. If not, there 



exist solutions Ui of (jl.fjjl and finite sets /Q = {q\, . . . , q l k .} satisfying (j4.3jl above, 

ist ( • , 1 

Ui{q*) 



such that for the maximum points q* of Uj/u; a dist(-, /Q) N 2 2a there holds 



\q*\ < 1 and \q*\ 



00. 
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Consider the functions v iy defined by 

Vi{x) := mfe) L u i (]q i \ L+ * u{q t ) » x + qfi, 

which satisfy 

-div(||g*| * Ui (g*) ^ x+ |g*| \*| V^) 

\\q*\ 4 uj(gj') 2 x + \ q *\-i q *\ 

Let Pi = gj. G /C* be such that dist(g*,/Q) = dist(g*,pj) and set /Q = {g^, . . . , gj.^}. 
From (|4.H|) we infer 



dist(pi, /Cj) < dist(pi, g*) + dist(g*, /Q) < 2dist(g*, K 



1 1 ■ 

JV-2-2a 



,'dist(pj,/Q)\ 2 cu a (g* 



dist(g*,/Q)/ ^ a (Pi) 



and finally that if \pi\ < 2 

| *|iV-a-2a > uJaf)\a*\ N-2-2a ( 

> dist(p i ,/C 



z /-v iv — z — za 

Ar " 2 - 2a , ,, ,, 2 2 /dist(g?,/Q)\ 2 w a (pi) 

W/ VdlSt (pi.Jd )J ^a(gj 



> constM i (g*)|g*| JV - 2 - 2a — ► oo. 

Consequently there exists a positive constant c such that |g*| _1 dist(g*, /Q) > c, which 
is trivial in the case \pi\ > 2 and follows from the above estimate if \pi\ < 2. Thus 

^[^- ^-^^ (^-^distctf,^) > (^(gr)ig*i^)^igrr 1 dist( g *,/c i ) 



>c( Wi (g*)|g*|^- ) 2 ^oo. 

(JV-2-2n)(2-p) 2-p 

For |x| < ||g*| 4 u i\Qi) 2 we have that 

=Mi(gJ 4 W(gj 2 X + gJ 

/ / 1 - Ml I (jV-2-2a)(2-p) 2-p *\ U i{<li) 

< Ui (q*) l co a (\q*\ 1+ 4 w(g*) 2 x + g*)- 



P-2 



< c sup tu a (x + q*)u a (q*) < const. 

kl<T 



Up to a subsequence, we have that g* — > gi and u 4 converges in C 1 o C (R jV ) to a solu- 
tion of 

-Aw = if (gi)^" 1 in R^, w(0) = 1. 

This is impossible since the above equation has no solution for p < 2*. The claim is 
thereby proved. The function v±, defined by 

Vi(x) := u(q*y 1 u(u(q*)~ n- 2 -^ x + g*), 
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satisfies 

- div (\x + u(q*)x=5=^q*\~ 2a Vvi) = K(u(q*)~ N -^x + q*) 



a 



x + u(q*) N - 2 ~ 2a q* 



bp ' 



vi(0) = 1. 



i 



For \x\ <C N - 2 - 2a u(q*) dist (q*, K) we obtain 



dist(w(gT^^x + g*,/C) > dist(g*, K) - cC N - 2 ~ 2a dist(g* , K) 



> dist(g*,/C)(l-cC JV - 2 ~ 2a ) 

and 

Vi(x) = u(q*)~ 1 u (u(q*)~ N-2-2a x + g*) 

^ / *n-i / / a *n / dist(g*,/C) 



w a(?*) \dist(w(g*) iv-2-2a X _|_ g* ; /C) 

1 N-2-2a 

<u a {q*)-\l-cC N -^) — . 



2 



Notice that \q*\ < const C?- 2 ~ 2a C N ' 2 ' 2a and 

C~^=^u{q*)^=^disi{q\K)> (]c 



Hence for any 5 > we may choose C , depending on a, 6, iV, e, R, A x , A 2 , C\, such 
that 

1 N-2-2a 

u a (qT l (l-C N - 2 ~ 2a ) ^ <l + 5 
and V\ is e/4-close in C ' 1 (B 2 r(0)) to a solution of 

p-i 



-div (|x + M(g*)^^g*r 2a Vw) = AT( g *) — g— in TC 



6/; 



w (0) = 1, 0<w(x)<l + 5. 

If we choose 5 small enough, depending on e and i?, then it is easy to see that any 
solution of the above equation is e/4-close in C ' 1 (B 2 r(0)) D H^(B 2 r(0)) to z^, q ^ and 

2 

u(q*) N-2-2a |g*| < e/2. This gives estimate ([4.4)1 . Case (B) can be reduced to case 
(A) using the Kelvin transform. □ 

Proposition 4.2. Under the assumptions and notations of Lemma \4-l\ there exists 
for any < e < 1 and R > 1 a constant C = C (e, R, N, a, b, A\, A 2 ) > such that 
if u is a solution of M.b]) with 

u(x) 

max — — > G 

aJGM^Ujoo} U a (X) 

then there exist 1 < k = k(u) < oo and a set S(u) = {qx, q 2 , . . . , <&} C R N U {oo} 
such that for each 1 < j < k we have 
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(A) if\q 3 \ < 1 
u(u(q- 



~x + qj] 



u(qj) 
(B) if\ qj \ > 1 

_ _ _ 2 

u(u(qj) N-2-2a X + q :j/ 



a,b 
Z K{ qj ) 



c°.T(s 2fl (o))n 
^(b 2 h(0)) 



+ l?ih(9i) JV - 2 - 2t ' < £ (4-6) 



Moreover the sets 

' B 

Invi^B 

Furthermore, u satisfies 



— z 



a,b 

K( qj ) 



c ^(B 2 fl(o))n 

Hl(B 2R (0)) 



N-2-2a < £ # 



(4.7) 



17,:= 



t ( qj )-N-i-2a 



m case (A) 
_ (g,)) m case (B) 



are disjoint. 



■a(x) < oncUal^) max distix, 0,) 2 

Proof. Fix e > and i? > 1 . Let Co be as in Lemma 14.11 First we apply Lemma 14.11 
with /C = and find gi G U {oo} the maximum point of u/uo a . If u{x) < 
Coo; a (x)dist(x, gi) 2 ~ holds we stop here. Otherwise we apply again Lemma l4~D 
to obtain q 2 . From estimates f)4.6|) and ()4.7|) it follows that U\ and f/ 2 are disjoint. 
We continue the process. Since u G L p ( 



it x r > 



bp 



\x\ bp ) and 

/ a,b y 

2A i Jb r (o) \y + zqj/\qj 



■ \\ bp 



dy > c(a, 6, N), 



where c(a, 6, N) is independent of qj, u, R > 1 and e < 1, we will stop after a finite 
number of steps. □ 

Proposition 4.3. Under the assumptions and notations of Lemma \4-1\ there exist for 
any < e < 1 and R > 1 some positive constants C = C (e, R, N,a,b, Ai, A 2 ) and 
5 = 6(e, R, N, a, b, A\, A 2 ) such that if u is a solution of A1.6}) with 

u(x) 



max 



<x>} u a (x) 



then 



dist(qj, qe) > 5 for all 1 < j ^ £ < k, 
where qj = qj{u), qe = qe(u) and k = k(u) are given in Proposition 



Proof. To obtain a contradiction we assume that for some constants e, R, A\ and A 2 
there exist sequences Ki and itj satisfying the assumptions of Proposition 14. HI such 
that 



lim mindist(g, («i), Qi{uj)) = 0. 



We may assume that 



a { := dist(q 1 (u i ),q 2 {u i )) = min dist(g,(«j), g^(wj)) -> as i 



oo. 



(4.8) 
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Let us denote qjiui) by g*. Since U\{ui) and U 2 {ui) are disjoint and ()4.8|) holds we 
have that Ui(q\) — > oo and Ui(q 2 ) — > oo. Therefore we can pass to a subsequence 
still denoted by {uj} and find Ri — > oo, e i — > such that either g{ = gi(uj) — > or 
— > oo, and for j = 1,2 

Ui {Ui{q))x-l-2a x _|_ gj) 



a,/ 



+ |gjk(gj)^^ < e< if -> (4.9) 

C0.t(B 2J{ .(0)) 



2 



C°^(S 2 fl,(0)) 



We first consider the case g^ — > 0. Since U\{ui) and U 2 (ui) are disjoint we have that 



a* > c(iV) max^tii^}) -5 ^ 35 }- (4-10) 

From and ()4.1()j) we get that a^ l \q]\ < C ,£X R . — ► for j — 1,2 and obtain the 
contradiction 

^<k^-<zi)Ho. 

Performing the same analysis as above for the Kelvin transform u of u leads to a 
contradiction if q\ — > 0. □ 



Remark 4.4. Propositions ^ .2\ and \4-3[ imply that there are only finitely many blow-up 
points and all are isolated. 

Proposition 4.5. Suppose {K{\ and a e](iV— 4)/2, (N— 2)/2[ satisfy the assumptions 
of Lemma \4 ■ 1\ and Proposition \S. 1 'A Let {'Ui} be solutions of |HD f2 = R^. T/ien 
after passing to a subsequence either {ui/uj a } stays bounded in L°°(R JV ) or {u^} has 
precisely one blow-up point, which can be at or at oo. 

Proof. Suppose that {uj/cj a } is not uniformly bounded in L°°(W N ), otherwise there 
is nothing to prove. Consequently we may apply Proposition 14.21 and Proposition 14.31 
to obtain isolated points {q\, . . . ,q\u\\ satisfying (|4.fi|) and ()4.7|) with Ri —> oo and 
£j — > 0. To obtain a contradiction, we assume that up to a subsequence k(i) > 2. 
Since u{q l j) /u a {q 1 -) — > oo for j — 1, 2 and dist(g}, ^) > 5 > we may assume g^ — > 
and gg — > oo and = 2 as z — > oo. From Proposition 13. 13l and Remark 14.41 thev 
are isolated simple blow-up points. From Proposition 13 . 1 Ol we infer that 

lim Ul (qi) Ui (x) = h{x) in C? 0C (R N \ {0}), 

i— *oo 

div (\x\- 2a Vh) = in R N \ {0}. 

Using Theorem IA.4I for h and its Kelvin transform and the maximum principle we 
obtain for some ai, a 2 > 

h(x) = ai \x\ 2+2a ~ N + a 2 . 
We may now proceed as in the proof of Proposition 13.131 to see that 

B(a,x,Ui,Vui) = o(ui(q\Y 2 ). 

9B a (q\) 
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Multiplying by Ui(q\) 2 and letting i —> oo we find that 

/ B(a,x,h,Vh) =0. 

JdB a 

This contradicts for small a Proposition 12.41 and completes the proof. 

Proposition 4.6. Suppose K £ C 2 (R N ) satisfies WJ^ - Wim . 

N-A N-2 , 4 

a > 0, < a < , ana — < p < 2 . 

2 2' iV-2-2a ^ 

Then there exists Ck > such that for any t £ (0,1] ana 1 any solution ut of 



2.3 



□ 



-div(|a;|- 2a Vn 



-1)) 



■a 



p-1 



bp 



u > in V 



1,2 /TO AT 



taere no/ds 



and 



(4.11) 



(4.12) 



Proof. The bound in (|4.12|) follows from 1)4.11)1 and Harnack's inequality in jU|. The 
estimate in Lemma TA.SI of the appendix shows that (1+t (K(x) — l))u p ~ 2 \x\~ hp belongs 



to the required class of potentials in [llj. To show that Ut/uj a is bounded in L°°(R N ) 
we argue by contradiction and may assume in view of Proposition IUHl that there exists 
a sequence {ti} C (0, 1] converging to to £ [0, 1] as i — > oo such that u ti has precisely 
one blow-up point (xj), which can be supposed to be zero using the Kelvin transform. 
Corollary 12.31 yields 







x ■ VK(x 



UtAx) 



\x 



bp 



dx. 



Since is assumed to be the only blow-up point, the Harnack inequality and ()3.16)) 
yield, for any a £ (0, 1), 



x . V K(x)^^dx 



\X\ 



x . VK(x)^^- d 



R N \B^ Xi ) 



bp 



< C{a) (u ti {xi) 



We have that from Taylor expansion, (|3.2j) . and (|1.12l 



\VK{xi)\ < const | Xi | = o(u ti (xi) 



(4.13) 



and 



u 



Bcr(Xi) 



\x 



VK(x) ■ Xj^^ dx 



Ut 



VK{x i )-x T ^dx + 



B a {xi) 



\X 



D 2 K(xi)(x — x^ ■ x 



B a (xi) 



\X 



bp 



dx 



o(\x — Xi\) ■ X 



u 



B a {Xi) 



\X 



bp 



dx 
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From Lemma f3 . 1 21 and (|4.13|) we infer 

I VK (xi) ■ x— dx + / o(\x - Xi\) ■ x—^-dx = of 

JB a (xi) \ X \ JB^Xi) 

Hence 



0\U ti [Xi) 



f u t ( 

\ D 2 K(xi)(x - x^ ■ x—^dx = o{u u (xi 



r(xi) 

Since by Lemma f3. 121 

,p 



ri<\x-Xi\<a 



D 2 K(xi){x - x^ ■ x—±- dx = o[ u ti {xi)~^=^ 



we have 



/ D 2 K(x l )(x-x i )-x^dx = o(u tt (x l )~^^y (4.14) 

Br^{Xi) I I 

Making in ()4.14|) the change of variables x = u tz (xi)~ 2 ^ N ~ 2 ~ 2a ^y + Xj and using 
Proposition 13.71 

0= I I^K(0)y-y\y\-^ Woyi) (yydy = AK(0) f \y?~ bp ^^^{yT dy 
Jk n Jr n 

which is not possible in view (jl.12)) . □ 
Proof of Theorem II. 1L It follows from Proposition 14.61 and Lemma f A. 11 □ 
We define f K>£ : V x a 2 (R N ) -»• E by 

fK,e( u ) = fo( u ) -eG K {u) 
fo(u) = U \x\~ 2 «\S7u\ 2 - 1 - 



G K (u) 



2 Jrn p Jrjv |x| 

1 f K(x)\u\ p 



P Jrn \x\ 



We will use the notation f £ (respectively G) instead of fx, £ (respectively Gk) whenever 
there is no possibility of confusion. Let us denote by Z the manifold 

Z = {z ll = z£j : Li > 0} 

of the solutions to (jl.6|) with K = 1. 

Lemma 4.7. Suppose p > 3. There exist constants Pq,Eq,C > 0, and smooth func- 
tions 

w = w(li, e) : (0, +oo) x (-e , e ) — ► T>l' 2 (R N ) 
7] = t](li, e) : (0,+oo) x (-e ,e ) — ► K 
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such that for any p > and e G (— Eq, Eq) 

w(h,e) is orthogonal to T Z Z 

\i](p,e)\ + \\w(n, e)\\ v i,2 ( 

\\w(fl,£)\\ v i,2 (RN) < C(l + p 

where £ M denotes the normalized tangent vector and w stands for the derivative 
of w with respect to p. Moreover, (w,i]) is unique in the sense that there exists po > 
such that if iy,fj) satisfies \\v\\ v i,2^ RN ^ + \ fj\ < po and for some p > 

and \e\ < Eq, then v = w(p,e) and fj = r)(p,e). 

Proof. Existence, uniqueness, and estimate (|4.17|) are proved in In fact w and r\ 
are implicitly defined by H(p, w, rj, s) = (0, 0) where 



<C\e\ 



(4.15) 
(4.16) 
(4.17) 
(4.18) 



1,2/ 



X 



H : (0, oo) x VytUT) x E x E -> £> 

H(p,w,tj,e) := (f^ + w) -ri^, (w, £,*)). 

Let us now show estimate ()4.18j) . There exists a positive constant C* such that for 
any p > (see 0) 



dH 



Since w satisfies 



9(u7, rj) 
dH 



(p, 0,0,0) 



< a. 



dH 

(ti,w, V ,e) ^A* 



9(w, ry) 

we have for £ small using ()4.17|) and the fact that /o G C 3 
dH 

(ji,w,T),e) 



\w(p,e)\\ < C* 



dp 



< a 



<C{1+ p- l )\E\ + \\tt{z, + w{p,E))z^ 
<L7(l+/i" 1 )|5|+0(||w( / U,£) 



<L7(l+/i- 1 )|5|. 

This ends the proof. □ 

Corollary 4.8. Suppose p > 3 and K satisfies the assumptions of Proposition \J~b] 
Then there exist to > and Ro > such that any solution ut of JT^ty /or t < to is of 
the form z^ + w(p, t), where 1/Ro < p < Ro- 

Proof. First we show that there exists R± > and t\ > such that any solution u% of 
jj for t <t\ satisfies 

dist(«t, Z Rl ) < po, 
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where by dist we mean the distance in the D^ ,2 (IR Ar )-norm, p is given in Lemma f4. 71 
and Z Rl := {z^ \ 1/R\ < p < Ri}. By contradiction, assume there exist Ri —> oo, 
ti — > 0, and solutions u ti of (j^J such that dist(w ti , Z Ri ) > p . From ()4.11|) we can 
pass to a subsequence converging weakly in T>l< 2 (R N ) to some u] since in view of 
the regularity results of {u t } is bounded in C ' 7 and such a bound excludes any 
possibility of concentration, the convergence is actually strong and dist(u, Z) > po- 
Furthermore, u solves (^J with t = and hence u £ Z, which is impossible. 
Fix a solution u t of |HJ) for some t <t\. A short computation shows 

lim dist(2;„, u t ) 2 = lim dist(z At , u t ) 2 = \\zi\\ 2 + \\u t \\ 2 > p 2 ,. 

Consequently there exists R > independent of t and G Z Ro such that 

dist(u 4 , Z) = \\u t - z M || and u t — z^ E T z ^. 

Since w t solves (JHJ) we have //(^ + u t — z^) = and the uniqueness in Lemma l4~7l 
yields the claim. □ 



5. Leray-Schauder degree 
We introduce the Melnikov function 

1 r ~ v 
T k (t) = - K(x 



bp ' 



It is known (for details see j9() that it is possible to extend the C 2 - function T K by 
continuity to r = and 

1^(0) = and r'^(0) = — li / M 2 ^^. (5.1) 



Furthermore, using the Kelvin transform, we find 

rV(r) = r^r" 1 ) where K(x) = K(x/\x\ 2 ). (5.2) 

We define for small t the function Q K j(p) := fK,t( z ^ + w (p,t)) an d will denote it 
by $t whenever there is no possibility of confusion. 

Lemma 5.1. Let p > 3 and assume has only non- degenerate critical points. Then 
there exists t\ > such that for any < t < t x any solution u t of |HD is of the form 
ut = z H + w(p t ,t), where &' Kt (p t ) = and p t £ (R^^Ro) f or some positive Ro. 
Moreover, up to a subsequence as t — > 

|yL* t — m| = O(t), (5.3) 

where p is a critical point of Tk ■ Viceversa, for any critical point p of Tk and for 
any < t < t\ there exists one and only one critical point p t of $ Kt such that 
holds. 

Proof. By Corollary 14. 81 anv solution u t of (j^J is of the form u t = z^ t +w(p t , t), where 
&' t (pt) = and Rq 1 < p t < R . Using the Taylor expansion and ()4. 17|) - ()4.18|) . we 
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have that for Rq 1 < fi < Ro 

= fi{^ + w{fx,t)){ ZlM + w{fx,t)) 

= /t(^)(^ + w(P> *)) + (ft(^) w (P, t),z„ + w(fi, t)) + 0(\\w(p, t) || 2 )) 

= -tG'(z^)(z^ + w(ji,t)) + (fo(z^)w(ii,t),w(ii,t))) 

- t(G"( Zll )w(^ f), i„ + w(ji, t)) + 0(\\w(fi, t) || 2 )) 

= -tr'(/i) + 0(t 2 ). (5.4) 

Fix a sequence (t n ) converging to 0. Since fi t is bounded, we may assume that (fit n ) 
converges to p. From expansion (|5.4|) we have that 

= & tn (fi tn ) = -t n (T'(fi tn ) + O(t n )) 

hence p is a critical point of T. A further expansion yields 

= S'J/O - t^V'Qi)^ -p) + o{fi u - p)) + 0(t 2 ) 

which gives for rt — ■> oo 

/i)(r"(/i) + o(i)) = o(t B ) 

proving (|5.Hjl for r"(/i) 7^ 0. Viceversa let /2 be a critical point of T. Arguing as above 
we find as p — > p and for any < t < t\ 

^)=t(fi-p)(T"(p)+o(l)) + 0(t 2 ) 

hence there exists fit such that 

/jtt = p - (T"(p) + o(l))" 1 0(t) and ® t {fi t ) = 0. 

To prove uniqueness of such a we follow [H and expand $t in a critical point yU t 

$t(/^) = {ft( z i^t +w{Vt,t)){z llt + w(fi t ,t)),(z„ t +w(m,t))) 

= C/o'Ow + w (Vt,t)){z flt +w{nt,t)),{z^ t +w(nt,t))) 

-t(G"(z tlt +w(m,t))(z IH +w{iH,t)),{z IH +w(p t ,t))) 

= (fo(z» t )™(Vt,t),w(vt,t)) + {fo{z^)w{fi t ,t){z^ +w{fi t ,t)),z IH +w(fJkt,t)) 

-t(G"(z m +w(nt,t))(z lit + w(fi u t)),(z IH +w(p t ,t))) 

= (tf'MwMz^z^) -t(G"(z, t )^ t ,z^ t ) +0(t 2 ). (5.5) 

Since any critical point fit of $ 4 gives rise to a critical point z Mt + w(p t ,t) of ft, we 
have that 

= (/;(^)+/; / (^)^(^^)+o(ik(^,t)ir),^ t ) 

= -t(G'(^ t ),^ t ) + (/o'(*m>(^> + 0(t 2 ). (5.6) 

Differentiating /q {z^z^ = and testing with w(p t ,t) we obtain 

= (fo'Mz^z^wifiut)) + (foiz^z^w^t)). (5.7) 
Putting together ()5.6|) and (|5.7|) we get 

(fo'Mz^ t ,w(fx t ,t)) = -t(G'( Zflt ),z, t ) + 0(t 2 ) 
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hence in view of (J5.5|) 

= -WM,^) -t(G'\z, t )z^z, t ) + 0(t 2 ) = -tT"^ t ) + 0(f). (5.8) 

To prove uniqueness, we choose 5 > such that sgnT"(fi) = sgnT"(/i) ^ for any 
|/i — /2| < 5. From ()5.8j) . there exists t(5) > such that if t < t(S) and [it is a critical 
point of $t such that |/^ — fi\ < 5, then 

sgn$;'(/ii) = -sgnr"(/2). 

From ()5.4j) we have that for t < t(5) 

BgnV'ip) = deg(T',B 5 (fi),0) = deg(-%B s (fi),0) 

= - s ^t(v) = e B s [fi) : & t (y) = 0} sgnT"(/i). 

Hence #{w G B$(fi) : &' t (y) = 0} = 1, proving uniqueness. □ 
Lemma 5.2. For any G L°°(1R ) t/ie operator 

L K : (-div(|x|- 2 "V)) _1 ^| M r 2 M 



6p 



compact from E to E. 
Proof. Let {«„} be a bounded sequence in E and set t> n , = L K (u n ), i.e. 

-div(|x|- 2a v^,) = ^| M „rv. 

By Caffarelli-Kohn-Nirenberg inequality, {v n } is bounded in T>^' 2 (R N ) and passing to 
a subsequence we may assume that it converges weakly in T>^' 2 (R N ) and pointwise 
almost everywhere to some limit v G T>^ ,2 {R N ). Since {u n } is uniformly bounded in 
L°°(i?3(0)), from the sequence {v n } is uniformly bounded in C° n (B 2 (0)) . Using 
the Kelvin transform we arrive at 

-div(|x|" 2a Vt\) = \x\~ {N+2+2a)+bp K(x/\x\ 2 ) \u n (x/\x\ 2 )\ p - 2 u n (x/\x\ 2 ) 
= K(x/\x\ 2 ) 





\P 


~ 2 u 




X 


bp 



Since {u n } is uniformly bounded in E, {u n } is uniformly bounded in L°°(I?3(0)) and 
hence from ^| the sequence {v n } is uniformly bounded in C°' 7 (I?2(0)). Since a 
uniform bound in C 0,7 (I?2(0)) implies equicontinuity and 

\\(v n - V m )uJ~ 1 ||c (R JV \Bi(0)) < Const \\v n - V m \ \ C o (0)) 

from the Ascoli-Arzela Theorem there exists a subsequence {w n } strongly converging 
in C°{R N ,u a ) to v. Moreover, the C°(M. N , c<j a ) -convergence excludes any possibility 
of concentration at or at oo and {v n } converges strongly in T>l' 2 (R N ). □ 

From Proposition I4.(j| there exists a positive constant Ck such that \\u\\e < Ck and 
C K X < uu" 1 for any solution u of (jHJ) uniformly with respect to t G (0, 1]. By the 
above lemma, the Leray-Schauder degree deg(/d — L K , Bk, 0) is well-defined, where 
B K := {u G E : \\u\\ E < C K , C^ 1 < uuj~ 1 }. 
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Theorem 5.3. Under the assumptions of Proposition \J~b] and for p > 3 we have 

a (ia t n n\ sgnAJf(O) + sgnAi^O) 
deg(Jd - L Kl B Kl 0) = - . 

Proof. By transversality, we can assume that IV has only non-degenerate critical 
points. If not, we proceed with a small perturbation of K. By Proposition 14.61 and 
the homotopy invariance of the Leray-Schauder degree, for < t < t\ 

deg(Id - L K , B K , 0) = deg(/d - L tK , B K , 0). 

By Lemma f5.ll we have 

deg(Jrf - Lac, B K , 0) = (-l) m ^ +w ^M 

/ie(*U) -1 (°) 

where m(z^ + w(/i,t), f ti x) denotes the Morse index of f t; x in + w(u, t). We will 
only sketch the computation of m(^ A , + t), ft,K) and refer to |3j, |4j, |l3j] for details. 
The spectrum of f{{ (^) is completely known (see j9j) and Vl' 2 (R N ) is decomposed in 
(z^) ®T Z Z @ (zp,T z Z)- 1 -, where z^ is an eigenfunction of flJiz^) with corresponding 
eigenvalue — (p — 2), T z Z = ker(/Q (z^)), and /oOfy) restricted to the orthogonal 
complement of {z^,T Zii Z) is bounded below by a positive constant. Consequently, to 
compute the Morse index m{z^ + w(fi,t), f t ,K) for small t it is enough to know the 
behavior of ftx( z ^ + w (/ i )^)) along T Zji Z. From the expansion 

ft,K(z^ + w(n, t)) = f (Zn) - tT K (n) + o(t 2 ) = const - tT K {p) + o(t 2 ) 
we have that for t small 

m(z ll + w(^t)J tK ) = l + \ 1 liT K^l >0 (5.9) 
From ()5.9|) and Lemma f5. 11 we know that for t small 

Me(*U)~ 1 (°) ^e(r' K )-i(o) 

= deg(r / x ,((i? + l)- 1 ,i? + l),0), 
where i?o is given in Lemma f5. 11 From (|5.1|) we obtain for yU — > 
T' K (fi) = T K {0)n + o(p) = constAA'(O)^ + o(/x). 
Hence sgnr' K ((_R + I) -1 ) = sgnAA'(O). Using ()5.2j) for obtain for /x — > oo 

T^(/i) = -/rt^// -1 ) = -constAJ?(0)/i" 3 + o(/i" 3 ). 
Therefore sgnr^-((i? + 1)) = — sgnAA'(O) and 

a (V f/RxiWpxiU^ sgnAif (0) + sgnAif (0) 
deg(r^, ((i? + 1) , -Ro + 1),0) = , 

which proves the claim. □ 

Proof of Theorem 11.21 It follows directly from Theorem 15.31 and Lemma lA. II □ 
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Appendix A. 

Lemma A.l. v is a solution to M.l)) if and only if u(x) = \x\ a ~ a v (x) solves M.b}) . 
where a = a(a, A) and b = b(a,/3, A) are given in (jl.5|) . 

Proof. By standard elliptic regularity u and v are C 2 {R N \ {0}). Consequently we 
may compute for x G R \ {0} 

div (\x\- 2a Vu(x)) = (a - a)(N - a - a - 2)\x\~ a ~ a - 2 v(x) + |x| Q - a div (\x\- 2a Vv) 



and hence, in view of (jl.lj) 

-div (\x\^Vu(x)) = [A + (a - a)(N - 2 - a - a)} + K(x) " +/?) ■ 



MIX) „, s U p 1 



From (|1.5jl we have that A + (a — a) (A — 2 — a — a) = and a — a + /? = 6. Since 
C°°(R N \ {0}) is dense in V^ 2 (R N ) and D^ 2 (R^) (see @), the lemma is thereby 
proved. □ 

Lemma A. 2. Let {Aj}j satisfy \3.1)) . (ui) ie ^ satisfy ([HP £j — > 6e an isolated 
blow up point. Then for any Ri — > oo, there exists a positive constant C depending on 
Hindoo Ki(xi) and a, b, and N such that after passing to a subsequence the function 
Wi defined in \3. 3]) is strictly decreasing for Cw^Xj)" 2 /^" 2 " 2 ^ < r < where ri = 

2 

Proof. Making the change of variable y = Ui(xi)~ N - 2 ~ 2a x + Xi, there results 



\OtS r {Xi)\ jQB r ( Xi ) 

JV-2-2a / / 2 . 

= r 2 + Ui[Ui{Xi) N-2-2a X + Xi J . 

^^(.^/(w-a-aa) (0) 

From the proof of Proposition K17I we have that for some function Qi G C 0,7 (-82^ (0)) 

Ui(ui(xi)~K-L2ax + x^ = u i (x i )(z^ (S) (x) + gt(x)) 
where ||fi , i||c* 2 (B 2 /? {o)\b c (o)) — £ i- Being Zw \ a radial function, from above we find 

( z k\o)( x ) + 9i{x)) 



I 



9B r Ul(a:i )2/(^-2-2a)( ) 

= r***«,W [4* 0) (™<M 2/(W - 2 - 2 * >> + f» „ l( , <)W ™.,<o) *1 ■ 
A direct computation shows that 

= n 4 (x,)r^(z^ 0) (™,(x J ) 2 ^- 2 - 2a )))i (l - m Ui {x^ W p - mN ^ a) ) 

+ ^{f9i)z% ) {ru i {xifl^ 2 ^ 



DEGENERATE CRITICAL ELLIPTIC EQUATIONS 31 

Since for Cuiixi)^^^ 2 ^ < r < r u there results C < ru^Xi) 2 '^- 2 ' 2 ^ < Ri, we 
have that 

d f 

9i <£i 7 -J- J 9i< £%■ 

9B rMxi)2nN _ 2 _ 2a) (o) ar J d B rudxi)2/(N _ 2 _ 2a) (o) 

Moreover for C = (^) ¥ ^ K ^^ T we have 1 - K(0) Ui (xi) p - 2 r (p ' 2)(iV 2 " 2 " 2a) < 
Choosing £j = of R i 2 ) the claim follows. □ 

Lemma A. 3. Suppose a,b,p satisfy M.ty) and Let (zi)^ C W N and consider 

the measures ^ := \x — Zi\~ 2a dx, then we have for < r < 2 as r — > 

sup f \y- Zi\~ bp [ dy -> 0. 

x£B 2 (0),i£N J B r (x) J\x-y\ HA&sKX)) 

Proof. We use as c a generic constant that may change its value from line to line. Fix 
x G i?2(0). From the doubling property of the measure /i, (see [l^]) we find 



Mi(x, \x - y\) :-- 



s ds 



< c 



\x-y\ Vi(B s (x)) 

x - y\~ N+2a+2 } if \x — y\ > \\x — z { 

x _ y\~ N + 2 \ x - Zi\ 2a + \x- Zi\~ N+2a+2 , if \x - y\ < ~\x - Zi 



An easy calculation shows that 2a — bp > —2 and that if a > then 2a — bp < 0. 
Hence, we may estimate for < r < ||x — Zi\ and y G B r (x) 



and 



, 1, 

\y - Zi\ >\x- Zi\ -\x-y\> -\x - Zi 



[ \y- z^Miix, \x - y\) dy < cr 2+2a ~ bp . 

J B r (x) 



,(x) 

Since —bp > —2 — 2a > —N we may use the above estimate to derive 



\y - z^Miix, \x - y\) dy < c\x - z t \ 2+2a ~ bp 

Consequently we obtain for ||x — Zi\ < r < 2\x — Zi\ 

[ \y- Zi\- bp Mi(x, \x - y\) dy < c\x - z i \ 2+2a ~ bp < cr 

J B r (x) 

Finally we obtain for 2\x — Zi\ < r < 2 and \x — y\ > 2\x — Zi\ 

\y - Zi\ >\y-x\-\x- Zi\ > -\y - x\ 

and 

/ \y- z^M^x, \x - y\) dy < cr 2+2a ~ bp , 

J B r {x) 



2+2a-bp 
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which ends the proof. □ 

A function u will be called //-harmonic in Vt C R N , if u G D^' 2 oc (R N ) and for all 
ip G C c °°(fi) there holds 

/ |x|~ 2a WvV = 0. 
Jn 

Let us prove a Bocher-type theorem for //-harmonic functions. 

Theorem A. 4. Let u be a nonnegative fi-harmonic function in R N \ {0}. Then there 
exist a constant A > and a Holder continuous function B, \i-harmonic in R N , such 
that 

u(x) = A\x\ 2+2a ~ N + B(x). 
Proof. We distinguish two cases. 

Case 1: there exists a sequence x n — > and a positive constant M such that \u(x n ) \ < 
M. In this case the Harnack Inequality (Theorem 6.2 of 01) implies that u is 
bounded. Moreover from 0, Lemma 6.15] u can be continuously extended to and 
is a weak solution of 

-div(|xr 2a Vn) = inR N , 



see p, Lemma 2.1]. Therefore from the Liouville Theorem [12], Theorem 6.10] we get 

that u is constant and the theorem holds with A = and B = const. 

Case 2: u(x n ) — > +oo for any sequence x n — * 0. We can extend u in to be 



12, 
12. 



w(0) := +oo, thus obtaining a lower semi- continuous function in Mr. Moreover 
Theorem 7.35] implies that u is super-harmonic in the sense of the definition of 
Chapter 7], i.e. 

(i) u is lower semi- continuous, 

(ii) u ^ oo in each component of WL N , 

(iii) for each open D <s ¥L N and each h G C°(]R Ar ) /i-harmonic in D the inequality 
u > h on <9.D implies u > h in D. 

Let us remark that in order to apply Theorem 7.35 in 0] we need to prove that 
has capacity with respect to our weight; indeed 

cap, ;E |-2a({0},M 7V ) := inf / \x\~ 2a \Vu\ 2 < c&p M -2 a (B r ,R N ) 

u£C§°(R N ), u=l J R N 
in a neighborhood of 

< cap N _ 2a (5 r ,5 2r ) < cr N ~ 2 ~ 2a 



for an y r > 0, where we have used (l2j, Lemma 2.14]. Then cap| a ,|- 2a ({0}, H N ) = 0. 
Prom |l2L Corollary 7.21] there holds 



— div (| x | 2fl Vit) > in the sense of distributions on R N 
hence from the Riesz Theorem there exists a Radon measure /t > in R N such that 

(-div(\x\- 2a Vu),ip) = [ tpdfx VcpeC™(R N ). 

Jr n 
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Since (— div(|x| 2a Vu),ip) = for any ip G Cq°(M. n \ {0}), /i must be supported 
in {0} and so fi = A5q for a nonnegative constant A. Since the Green's function 
G a (x) := \x\ 2+2a ~ N satisfies 



-dw(\x\~ 2a VG a ) = 5 in the sense of distributions on R , 
we have that 

-div {\x\~ 2a V(u- AG a )) = 

in the sense of distributions on M. N . Theorem 3.70 and Lemma 6.47 in 0] imply that 
B := u — AG a is Holder continuous. □ 
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